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Abstract 

Over fields of arbitrary characteristic we classify all rank three Nichols algebras of 
diagonal type with a finite root system. Our proof uses the classification of the finite 
Weyl groupoids of rank three. 
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Introduction 

The theory of Nichols algebras is motivated by the Hopf algebra theory and plays an impor¬ 
tant role in quantum groups [2, 3, 7, 33]. The structure of Nichols algebras was first intro¬ 
duced systematically by W. Nichols [31] in 1978, where he studied Hopf algebras. Nichols 
algebras have been redescribed independently by S.L. Woronowicz, M. Rosso, S. Majid and 
G. Lusztig in many different ways, see for example [37, 38, 32, 30, 29]. Besides that, Nichols 
algebras have interesting applications to other research fields such as Kac-Moody Lie super¬ 
algebras [1, Example 3.2] and conformal held theory [34, 35, 36]. Nichols algebras appeared 
naturally in the classihcation of pointed Hopf algebras by the lifting method of N. An- 
druskiewitsch and H.-J. Schneider [5, 7]. The crucial step to classify pointed Hopf algebras 
is to determine all braided vector space V such that the Nichols algebra H(F) is hnite dimen¬ 
sional. Several authors obtained the classihcation result for inhnite and hnite dimensional 
Nichols algebra of Cartan type, see [6, 17, 32]. I. Heckenberger classihed all hnite dimensional 
Nichols algebra of diagonal type in a series of papers [16, 18, 15, 20]. The explicit dehning 
generators and relations of such Nichols algebras were given [9, 10]. With the classihca¬ 
tion result [20], N. Andruskiewitsch and H.-J. Schneider [8] obtained a classihcation result 
about hnite-dimensional pointed Hopf algebras under some technical assumptions. Based on 
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such successful applications, the analyze to Nichols algebras over arbitrary helds is crucial 
and has also potential applications. Towards this direction, the authors [11] discovered a 
combinatorial formula to study the relations in Nichols algebras and found new examples of 
Nichols algebras. Over fields of arbitrary characteristic, a complete list of rank two finite 
dimensional Nichols algebras of diagonal type were determined in [25]. In this paper, we 
give the complete classification result of rank three case. 

The important theoretical tools for the classification of Nichols algebra BiV) are the 
root system and the Weyl groupoid of B{V). I. Heckenberger [17] defined the root system 
and Weyl groupoid of B{V) of diagonal type which based on the ideas of V. Kharchenko on 
PoincarWBirkhoff-Witt basis of B{V) of diagonal type [28, Theosrem 2]. Later, the combi¬ 
natorial theory of these two structures was initiated in [12, 26] by M. Cuntz, I. Heckenberger 
and H. Yamane. The theory of root systems and Weyl groupoids was then carried out in 
more general Nichols algebras [4, 21, 23]. Further, all finite Weyl groupoids were classihed 
in [13, 14]. 

We organize the paper as follows. In section 1 the main notations and some general 
results are recalled. One general result implies that we can attach a connected finite Cartan 
graph of rank 6* to a tuple M = (Mi,..., Mq) of one-dimensional Yetter-Drinfel’d modules 
over an abelian group, see Section 1 for the definitions. If 6* = 1, then the Cartan graph 
contains no information about B{M). Therefore we give the restriction 9 > 2. Since the 
classihcation of 6^ = 2 was performed in [25], we record that the we add indecomposabil- 
ity assumption on the semi-Cartan graph. The indecomposability allows us to exclude the 
components of the Cartan graph of lower rank. In order to explicitly characterize finite con¬ 
nected indecomposable Cartan graphs of rank three, we introduce three concepts, good 
neighborhood, good neighborhood, and good neighborhood, see Definitions 2.1, 2.2 
and 2.3. In Proposition 2.4, we prove that every finite connected indeconposable Cartan 
graph of rank three contains a point which has at least one of the good neighborhoods. In 
Section 3 we formulate the main classification Theorem 3.1 and give a complete list of the 
Dynkin diagrams for rank three braided vector spaces of diagonal type with a finite root 
system over arbitrary fields, see Tables (1)- (3). Proposition 2.4 allows us to avoid compli¬ 
cated computations in the final proof of Theorem 3.1. The proof of our main classihcation 
theorem uses the classihcation result on the rank three Weyl groupoids [13]. As a corollary 
of Theorem 3.1, all hnite dimensional rank three Nichols algebras of diagonal type over a 
held of positive characteristic are given, see Corollary 3.3. 

Throughout this paper k always denotes a held of characteristic p > 0. Let k* = k \ {0}. 
The set of natural numbers strictly greater than 0 is denoted by K and then write No : = 
NU{0}. For n G N, the symbol G'^ denotes the set of primitive n-th roots of unity in k, 
that is = {g G k*| g"' = 1, 7 ^ 1 for all 1 < /c < u}. For g G N, the symbol {n)q denotes 

the integer 1 -|- g g"'“^ for any u G N, which is 0 if and only if g”' = 1 for g 7 ^ 1 or p\n 

for g = 1. Notice that (l)g 7 ^ 0 for any g G N. 

The author would like to gratefully thank Professor 1. Heckenberger for the manuscript 
correction and providing valuable advices, as well as his support and encouragement during 
the author’s pursuit of the PhD degree. 
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1 Preliminaries 


1.1 Cartan graphs, root systems, and Weyl groupoids 

We start by recalling the notations of semi-Cartan graphs, root systems and Weyl groupoids, 
mainly following the terminology introduced in [25]. 

Let 6^ G N and I = {1,. .. ,6}. We say that a generalized Cartan matrix A G is 
decomposable if there exists a nonempty proper subset /i C / such that = 0 whenever 
i G Ji and j ^ h- Let X he a non-empty set and a generalized Cartan matrix 

for any X E X. For any i E I, let Vi : X ^ X, X \-E- r{i, X), where r : I x X ^ X is a map. 
The quadruple 

C = C(I,X,r,{A^)xex) 

is called a semi-Cartan graph if r? = id;^ for all i E I, and for all X G A" and 

i,j G I. We say that a semi-Cartan graph is indecomposable if there exists X E X such 
that A^ is not decomposable. 

For the remaining part of this section, let C = C{I, X, r, {A^)xex) be an indecomposable 
semi-Cartan graph. For any point X E X, the elements of the set {ri{X),i E /} are the 
neighbors of X. The cardinality of I is the rank of C and the elements of X are called 
the points of C. The exchange graph of C is a labeled non-oriented graph with vertices 
set X and edges set I, where two vertices X, Y are connected by an edge i if and only if 
X ^ Y and rj(X) = Y (and ri{Y) = X). We display one edge with several labels instead 
of several edges for simplification. We say that C is connected if its exchange graph is 
connected. For any point X E X we obtain that A^ is not decomposable if C is connected 
by [12, Proposition 4.6]. 

Recall that there exists a unique category T>{X, I) with objects ObP(A, I) = X and 
morphisms Hom(X, R) = {(Y, f, X)\f E End(Z'^)} for X,Y E X with the composition 
dehned by (Z, g, Y) o (R, /, X) = (Z, gf, X) for all X,Y,ZEX,f,gE End(Z0. 

We fix once and for all the notation (ajjjg/ for the standard basis of Z^. For all X G A 
and i,j E /, let 

sf G Aut(Z^), sfaj = aj - af^ai. (1) 

Let yV{C) be the smallest subcategory of V{X,I), where the morphisms are generated by 
(ri(X), sf, X), where i E I, X E X. We will write sf instead of {ri{X), sf, X), if no 
confusion is possible. Notice that W(C) is a groupoid since all generators sf are invertible. 
For all X G A, we say that 

^Xre _ E Uye;fHom(X, X)} 

is the set of real roots of X. The set n is the set of positive real roots 

of X and A^'’® = A^’^®n—M q the set of negative real roots of X. The semi-Cartan graph 
C is finite if the set A^''® is hnite for all X G A. 

The semi-Cartan graph C is a Cartan graph if the following hold: 

(1) For all X G A the set A^--® = A^""® (J A^’'®. 

(2) If := |A^^® n (NoOm + is finite, then = X, where m,n E I, 

Y EX. 
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In this case, we say that W(C) the Weyl groupoid of C if C is a Cartan graph. 

We say that TZ = 7^(C, (A^)xga’) is a root system of type C if for all X G A”, the sets 
C are subsets such that: 

(1) A^ = (A^ n Ni) U -(A^ n Ni). 

(2) A^ n Zoj = {oj, —Oi} for all i G /. 

(3) sf (A^) = for all i G I. 

(4) (rjrj)™i5(X) = X for any i,j & I with i ^ j where mfj = |A^ fl (MoCCj + Nottj)| is 
hnite. 

Remark 1.1. 1. For any finite Cartan graph C, there is a unique root system TZ = 

7?.(C, (A^''®)xG;r) of type C, see [12, Propositions 2.9, 2.12]. 

2. The concept of irreducible root system of type C was introduced in [12, Definition 4-3]. 
If C is a finite connected indecomposable Cartan graph, then the root system IZ = 
IZ{C, (A^''®)xga’) is an irreducible root system of type C by [12, Propositions 4-6]. 

1.2 Cartan graphs for Nichols algebras of diagonal type 

Let kG be the group algebra over an abelian group G. Let QyD be the category of Yetter- 
Drinfel’d modules over kG. We say that V G ^yD is a Yetter-Drinfel’d module over G. 
Write for the set of 6*-tuples of finite-dimensional irreducible objects in ^yD and for 
the set of 6'-tuples of isomorphism classes of finite-dimensional irreducible objects in %yD. 

We say that a Yetter-Drinfel’d module V G ^yD is of diagonal type if V can be 
decomposed into the direct sum of one-dimensional Yetter-Drinfel’d submodules over G. 
For any Yetter-Drinfel’d module of diagonal type, it could be realized as a braided vector 
space of diagonal type. Assume that V is of diagonal type. There exist numbers qij G k*, a 
basis {xi\i G /} of Y, and elements {gfi G /} C G such that 

= Qi® Xi, gi.Xj = QijXj ( 2 ) 

for all i,j G I. We obtain that the braiding c{xi <S) Xj) = qijXj ® Xi for all i,] G I. In this 
case, we say that the braiding c G End(Y ®V) oiV is of diagonal type, see [2, Def. 5.4]. The 
Nichols algebra B{y) is said to be of diagonal type [2, Definition 5.8]. By the proof of [22, 
Proposition 1.3], the matrix (gjj)jjg/ does not depend on the choice of the basis {xfi G /}, 
up to a permutation of I. The matrix {qij)ij£i is the braiding matrix of V. We say that 
the braiding matrix {qij)ij£i is indecomposable if for all i ^ j, there exists a sequence 
A = L * 2 , • • • At = J of elements of / such that 7^1, — 1. Otherwise, we 

say that the matrix is decomposable. Then we can refer to the components of the matrix. 

For the remaining part of this section, let V be any braided vector space of diagonal 
type with an indecomposable braiding matrix {qij)ij£i of a basis {xfi G /}. Choose an 
abelian group Gq and elements {gi\i G /} C Gq such that the assignments in (2) define a 
Yetter-Drinfel’d module structure on V. Then V = ©jg/kx* and each kxj is one-dimensional 
Yetter-Drinfel’d modules over Gq. Hence V is also a Yetter-Drinfel’d module of diagonal 
type over Gq. 

The Dynkin diagram of V [19, Definition 4] is a labeled and non-oriented graph V 
satisfying the conditions: 
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(1) For alH G / the i-th vertex is labeled by qa. 

(2) For alH, j G / there are Uij edges between the i-th and j-th vertex. Hi = j or qijQji = 1 
then Uij = 0, otherwise Uij = 1 and the edge is labeled by qijqji- 

Actually, we can get the Dynkin diagram of V from the braiding matrix of V. 

For any tuple M = {Mj)j^j G write B{M) := for the Nichols algebra 

of M . For X G y G B{M), we write adcx{y) = xy — (a:(_i) • y)x(^Q) for the adjoint 

action in the braided category QyV where S{x) = X(-i) © a;(o) is the left coaction of kG. 
Notice that Nichols algebra B{M) is Mg-graded with degM* = a, for all i E I. Following the 
terminology in [21], we say that the Nichols algebra B{M) is decomposable if there exists 
a totally ordered index set (L, <) and a sequence of finite-dimensional irreducible 

Ng-graded objects in QyV such that 

S(M)~(g)S(hFz). (3) 

l&L 

For each decomposition (3), we define the set of positive roots C and the set 

of roots C of [M] by 

A^^' = {deg(PFi)l I e L}, At^l = A^^' U 

By [21, Theorem 4.5] we obtain that the set of roots A^^l of [M] does not depend on the 
choice of the decomposition. 

Remark 1.2. J/dimMj = 1 for all i E I, then the Nichols algebra B{M) is decomposable 
based on the theorem of V. Kharchenko [28, Theorem 2], 

Let i E I. Following the terminology in [21, Dehnition 6.4] we say that M is Afinite, 
if there is m G Id such that (adcMj)™(Mj) = 0 for any j E I \ {i}. For all i G / and any 
j E I\{i} let = —oo if M is not i-finite and let afj = —max{m G No | (adcMj)™'(Mj) ^ 0} 
otherwise. Let also aff = 2 for all i E I. The matrix (a^)jjg/ is called the Cartan 
matrix of M, denoted by . For alH G / let Ri{M) = M if M is not ©finite and let 
Ri{M) = {Ri{M)-)j^i, where 


R^{M)^ 


M* 

(ad,M,)-<(M,) Hj^i. 


(4) 


The tuple Ri{M) E since Ri{M)j is irreducible by [21, Theorem 7.2(3)]. Then Ri is a 
reflection map from Rq to R^. We say that Ri is the i-th reflection. 

For any tuple M E R^, we define 

= {[R,, ■ • -R^JM)] G n G Ng,*i, ...,*„ G /} 

R^ (M) = {Ri^ ■ ■ ■ Ri^{M) G R^\ n G Ng, A; • • • An £ -f}- 

We say that M admits all reflections if N is ©finite for all N E R^{M). 
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Recall that R is a braided vector space of diagonal type with the indecomposable braiding 
c{xi ®Xj) = QijXj ®Xi for all i, j G I. For the remaining part of this section, we consider the 
tuple M := (kxi, kx 2 , ■ ■ ■, kxg) of one-dimensional Yetter-Drinfel’d modules over Gq. We say 
that the braiding matrix of V is the braiding matrix of M and that the Dynkin diagram 
of V is the Dynkin diagram of M. Since the braiding matrix (gjj)jjg/ is indecomposable, 
the tuple M is braid-indecomposable, see [24, Dehnition 2.1], 

Let i E I. Assume that M is Ahnite. Then yj is a basis of Ri{M)- dehned by (4), where 


Vj ■ = 


Vi 

(adcXj)""^ (xj) 


if j = i, 

ifjVb 


(5) 


where pi G M* \ {0}. 

The following Lemma 1.3 gives us the way to check whether M is i- hnite, for i G /, It 
can be obtained from [7, Lemma 3.7], see [25, Lemma 3.2] for details. 

Lemma 1.3. Let i E I. Then the tuple M is i-finite if and only if for any j E I \ {z} there 
is an integer m G Nq satisfying (m -|- — 1) = 0. In this case, 

= -mm{m G Mq | (m + 1 )^,,{quQijqji - 1) = 0}. (6) 


Further, we get the labels of the Dynkin diagram of Ri{M) from Lemma 1.4. The method 
was described in [19, Example 1] and [25, Lemma 3.4]. 

Lemma 1.4. Let i E I. Assume that M is i-finite and := defined by (6). 

Let be the braiding matrix of Ri{M) with respect to the basis {yj)j£i defined by (5). 

Write qh := qijqji and Ih := hjlji for all i,j E I. Then 




and 


' qu 
Ijj 


^fj = h 

^fj^i,qii = ^, y 



^fj + hqa = 1, 

4j 

4 LQ'ij = (hi4 


^f 3 4 h qu e . 


4Mj) 

ifqu = 1, 

Qjk 

ifQ'ir = E {j,/c}. 


if qu E = q[p 

qjkQlWijQ'ik)~'"'^ 

if qu G G[_^,^,qu G G[_^.. 


for any j, k^i, j ^k. 


Hence we can check whether M admits all reflections by Lemmas 1.3 and 1.4. 

Assume that the tuple M admits all reflections. The following Proposition implies that 
we can attach to M a hnite connected Cartan graph C{M). 
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Proposition 1.5. Assume that the tuple M admits all reflections and that W(M) : = 
W(C(M)) is defined. Let the tuple M be braid-indecomposable and W(M) is finite. For 
all X e let 

[X]g = {y G Y and X have the same Dynkin diagram} 

and y^{M) = {[X]^| X G Let for all X G and 

t:Ix ^ y^,{M), (z, [X]*) ^ mx)Y,. 

Then the tuple 

C(M) = {/, y‘(M), i, 
is a finite connected indecomposable Cartan graph. 

Proof. Since the tuple M admits all reflections, we obtain that C{M) is a well-deflned con¬ 
nected semi-Cartan graph by [25, Proposition 3.6]. By [22, Theorem 2.3 and Corollary 2.4] 
C{M) is a flnite Cartan graph since >V(C(M)) is flnite. The braid-indecomposability of M 
implies that the Cartan matrix A^ of M is indecomposable. Hence C{M) is indecompos¬ 
able. □ 


2 Cartan graphs of rank three 


In this section, we obtain Proposition 2.4, which illustrates the properties of flnite con¬ 
nected indecomposable Cartan graphs of rank three. Proposition 2.4 will be used for our 
classification in the next section. Our main referee is [13]. 

Let C = C{I,X,r, {A^)xgx) be a semi-Cartan graph where I = {1,2,3}. Let X G X. 
Since the points of C could have many different neighborhoods, we define the following good 
neighborhoods in order to cover all the flnite connected indecomposable Cartan graphs in 
such way that at least one point of C has one of the good neighborhoods. 

Definition 2.1. We say that X has a good A^ neighborhood if there exists integer seguence 

(2 -1 0 \ 

(a, b, c, d) such that there is a permutation of I with respect to which =1—1 2 ? 

Vo -1 2 ) 

/ 2 -1 0 \ / 2 -1 -&\ / 2 -1 0 \ 

AWX) = -1 2 -a L = -1 2 -1 L = -d 2 -1 L and one 

\ 0 -1 2 / \-c -12/ \ 0 -1 2 / 

of the following holds. 


(1) (a, b, c, d) G {(1, 0, 0,1), (1,1,1,1), (1,1,1, 2), (1,1, 2, 3), (2,1,1, 2), (2,1, 2, 2)}. 

(2) (a, b, c, d) = (2,1, 2, 3), = 3. 


Definition 2.2. ITe say that X has a good neighborhood if there is a permutation of 
I with respect to which 


A^ = A^dX = A''AX = 
{1, 2}, where a G {1, 2}. 



-1 0 

2 -1 

-2 2 




2 -1 
—a 2 
0 -2 



and —a 


rir2.(X) 

23 


G 
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Definition 2.3. We say that X has a good neighborhood if there is a permutation of 
I with respect to which 


-1 0 


-1 0 


AX ^ ^ri(x) ^ ^r 2 (x) = -1 2 -2 and = \ -a 2 -2 L where a e { 1 , 2 }. 


0-12 


0-12 


Based on Theorem 4.1 in [13], we get the following result by computer calculations 
algorithms. 


Proposition 2.4. Let C = C{I^X,ri be a rank three finite connected indecom¬ 

posable Cartan graph. Then there exists at least one point Y E X satisfying one of the 
following: 


(a) The point Y has a good neighborhood. 

(b) The point Y has a good neighborhood. 

(c) The point Y has a good C 3 neighborhood. 

Remark 2.5. There are finite connected indecomposable Cartan graphs of rank three which 
contain precisely one case of the good neighborhoods. 

Proof. Since C is a finite connected indecomposable Cartan graph, TZ = 71{C, 
is a finite irreducible root system of type C, see Remark 1.1. By [13, Theorem 4.1] there 
exists a point X E X satisfying that the set is in the list of [13, Appendix A] up to a 

permutation of I. There are precisely 55 such possible sets for the rank 3. We consider each 
set in the list. For each point Y in the list, we calculate all neighbors {ri{Y), i E 1} of Y. 
Since the reflection sf maps A^’^®\{ai} bijectively to for any i E I , the Cartan 

matrices of all neighbors of Y can be obtained from A]j]'’®, Y E X hy [13, Corollary 2.9]. 
If Y has a good A 3 , or C 3 neighborhood, then the proof is done. Otherwise repeat the 
previous step to the neighbours of Y. Since X is finite, this algorithm terminates. The 
elementary calculations are done by computer algorithms and they are skipped here. □ 


3 The classification result 

In this section we explain the classification of rank three Nichols algebras of diagonal type 
with a finite root system over fields of positive characteristic. We formulate the main result 
in Theorem 3.1 and Corollary 3.3. All Dynkin diagrams of rank three braided vector spaces 
with a finite root system are listed in Tables (l)-(3). 

Theorem 3.1. Let k is a field of characteristic p > 0. Let V be a braided vector space of 
diagonal type with dimk R = 3. Let I = {1,2,3}. Let {xk\k E 1} be a basis of V such that 
there exists an indecomposable braiding matrix E with respect to {xk\k E /}. 

Let the tuple M := (kxj)*^/. Then the following are equivalent. 

(1) M admits all refections and W(C(M)) is finite. 


(2) The Dynkin diagram V of V appears in the Tables 1, 2, and 3, if p = 2, p = 3, and 
p > 3, respectively. 

(3) The Nichols algebra B{V) is decomposable and the set of roots is finite. 

In this case, the row of Tables (l)-(3) containing V consists precisely of the Dynkin diagrams 
of the points of C{M). The corresponding row of Table 4 contains the exchange graph of 
C{M). 

Remark 3.2. (1) We present the i-vertex of D with a bullet point • to describe the i-th 

reflection map Ri of the Dynkin diagram D. 

(2) In order to give the exchange graph of C{M) in Theorem 3.1, we use the following 
notations in Tables (l)-(3). For each row n of Tables (l)-(3), we enumerate l-th 
Dynkin diagram with Dni column by column for all I > 1. For each Dynkin diagram, 
we enumerate the vertices from left to right with 1, 2 and 3, respectively. For i, j, k ^ I, 
we also write TijkDni for the graph Vni where the three vertices of Vni change to i, j, 
k, respectively. 

Proof. The equivalence between (1) and (3) is clear, see [25, Theorem 5.1], 

(2)^ (1). Assume that the Dynkin diagram D appears in row r of any of Tables (l)-(3). 
From Lemmas 1.3 and 1.4 we determine that M admits all reflections. Hence the Cartan 
graph C{M) can be dehned by Proposition 1.5. We obtain that C{M) is the same with the 
Cartan graph obtained from the Dykin diagrams appearing in row s of Table 2 in [16], where 
s appears in the third column of row r of Table 4. The detailed calculations are skipped 
at this point here. Moreover, the Weyl groupoids of the above Cartan graphs from [16] are 
hnite, see [13, Table 2]. Hence W(C(M)) is hnite. 

(1)^ (2). Since M admits all reflections, we can dehne a semi-Cartan graph C{M) by 
Proposition 1.5. Hence yV{M) = >V(C(M)) is dehned. Further, C{M) is a hnite connected 
indecomposable Cartan graph since >V(C(M)) is hnite and the matrix is indecom¬ 

posable by Proposition 1.5. From the implication (2)^ (1) it is enough to prove that there 
exists at least one point in C{M) contained in Tables (l)-(3). 

Set X = [M]^, qi = qi 2 (l 2 i, Q 2 = Q 23 (l 32 , and q^ = q'sigis. We write the Cartan matrix 
:= Since C(M) is a hnite Cartan graph, by Proposition 2.4 we are free to 

assume that Cartan matrix is one of the following cases: (a), (b) and (c). 

Case (a). Assume that X has a good A 3 neighborhood. Let 


(a, b, c, d) := (- 


^23 


) _ r2{X) _ r2{X) _ WX)-. 

1 “13 ; “31 5 “21 ) 


be the sequence in Dehnition 2.1. Applying Lemma 1.3 to 013 = 0, 012 = —1, and 023 = —1, 
we get ^3 = 1, gi 7 ^ 1 and q 2 7 ^ 1, respectively. Since A^ is of A 3 type, we distinguish 
subcases oi, 02 , 03 , 04 , 05 , oe, 07 , and as by Lemma 1.3. 

Case ai. Consider the case (2)^^^ = ( 2)^22 = ( 2)533 = 0. Set qi := q and q 2 := r. Then 
Qn = q 22 = q 33 = —L If gr = 1 and q 7 ^ —1, then V = Vs 2 . If qr = 1 and q = —1, then 
p 7 ^ 2 and D = Du, where q = —1, and p 7 ^ 2. If gr 7 ^ 1, then by Lemma 1.4 we get the 
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reflection r2{X) of X 


-1 



with g 7 ^ 1, r 7 ^ 1, and qr ^ 1. Since X has a good ^3 neighborhood, we obtain that 
= —1 and 033 *'^^ G {—1, —2}. Then we distinguish subcases aia and au- 

Case aia- Consider the case = —1. We obtain that (2)q(g^r — 1) = 0 and 

(2)r(gr^ — 1) = 0 by Lemma 1.3. If g = —1, then p 7 ^ 2 and r 7 ^ —1 by gr 7 ^ 1. If g = —1 
and gr^ — 1 = 0, then p 7 ^ 2, r G G 4 and hence V = r 32 iT> 62 , where q E G'^ and p 7 ^ 2. If 
q^r = 1 and r = —1, then p 7 ^ 2 and V = 1^62, where q E G'^ and p 7 ^ 2. If q^r = gr^ = 1, 
then q = r E G 3 , p 7 ^ 3 and hence V = 1 ^ 15 , 2 , P 7 ^ 3. 

Case aib. Consider the case = —1 and = —2. Then (2)g(g^r — 1) = 0, 

{3)r{qr^ — 1) = 0 and (2)r(gr^ — 1) 7 ^ 0. Hence r 7 ^ —1 and gr^ 7 ^ 1. If g = —1, r E G'^ and 
p 7 ^ 3, then p 7 ^ 2 and "D = "^ 17 , 1 , p 7 ^ 2, 3. If g = —1 and gr^ = 1, then r E Gg, p 7 ^ 2, 3, and 
hence P = r 32 i'P 72 , where q E G'q and p 7 ^ 2, 3. If q^r = = 1, then —q = rE Gg, p 7 ^ 2, 3 

by gr^ 7 ^ 1. Hence P = r 32 iT>i 7 , 3 , p 7 ^ 2, 3. If g^r = gr^ = 1, then = g, where r G Gg, 
p 7 ^ 5. Hence by Lemmas 1.3 and 1.4 we get the sequence {a,b,c,d) = (2,1,2, 3). Further 
^rsrpx) _ which is a contradiction. 

Case 02. Consider the case (2)^32 = (2)^33 = 0 , gngi — 1 = 0 , and (2)^^^ 7^ 0 . Set 
gii := g and g2 := r. Then we get g 7^ —1 for p 7^ 2 and g 7^ 1 for p = 2. Hence we obtain 
q22 = qss = - 1 , qqi = 1 , g 7^ -1 for p 7^ 2 or g22 = gas = 1 , = 1 , ? 7^ 1 for p = 2. We 

distinguish two subcases a2a and 026. 

Case a 2 a Consider the case g 22 = gss = —1, ggi = 1, g 7 ^ —1, and p 7 ^ 2. If r = g 7 ^ —1, 
then V = r 32 iT> 42 , P 7 ^ 2. If r = —1, q ^ r, and g ^ G 4 , then V = Vgi, where r = —1, 
q ^ G'^ and p 7 ^ 2. If r = —1, q ^ r, and g G G 4 , then V = 'D 10 2 , where q E G'^ and p 7 ^ 2. 
Now we consider the case r 7 ^ —1 and q ^ r. By Lemma 1.4 we get the following reflection 
r2{X)ofX 



with gT^l, r^{ —l,l,g}, and p 7^ 2 . Since X has a good A3 neighborhood, we get Ogg^^^ G 
{— 1 , — 2 }. Then we get either ( 2 )r(r^g“^ — 1 ) = 0 or ( 3 )r(r^g“^ — 1 ) = 0 , ( 2 )r(r^g“^ — 1 ) 7^ 0 . 
Hence we can distinguish three subcases a2ai, ^202 and 0203- 

Case a2ai- Consider the case (2)r(r^g“^ — 1 ) = 0 . Since r 7^ —1 and p 7^ 2 , we obtain 
that r^g“^ = 1 and hence V = T32i'I^62, P 7^ 2 . 

Case a2a2- Consider the case r^q~^ = 1 and ( 2 )r(r^g“^ — 1 ) 7^ 0 . Then we get g = 7^ 1 

and r ^ { 1 , — 1 }. Hence V = r32iT>72, P 7^ 2 . 

Case a2a3- Consider the case r E G3, ( 2 )r(r^g“^ — 1 ) 7^ 0 , and p 7^ 3 . Then gr 7^ 1 . By 
Lemma 1.4 we get the following reflection r^^X) of X 

q g-1 —1 ^ —1 q g-1 r ^-1 —1 

o-o-• o-o-o 
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with g 7 ^ 1, r ^ {“1; 1) Q, Q~^}- By Lemmas 1.3 and 1.4 we obtain that (a, b, c, d) = (1,1, 2, 2), 
which is a contradiction. 

Case a2b- Consider the case ^22 = Q'33 = 1 , Qdi = 1, g 7 ^ 1 for p = 2. If r = g, then 
= T 52 idd^ 2 , p = 2. If r 7 ^ g, then we get G {—1, —2}. Hence we distinguish subcases 

0261 and 0262- 

Case 0261 . If ® 3 i^^^ = “Ij then r^g“^ = 1 and hence V = T 32 i'Dq 2 -, p = 2. 

Case 0262 - Consider the case Og^*'^^ = —2. If r G Gg, then we get {a,b,c,d) = (1,1, 2, 2), 
which is a contradiction. If r^q~^ = 1 , then g = 7 ^ 1 and hence "D = Tg 2 iP 72 , p = 2. 

Case Og. Consider the case ( 2 )^^^ = (2)^22 = 0, g33g2 — 1 = 0, and (2)^33 7^ 0. Let g33 := g 
and gi := r. Then by ( 2 )^ 7^ 0 we get g 7^ —1 for p ^ 2 and g 7^ 1 for p = 2. Hence we 
obtain gn = g22 = -1, qq2 = 1 , g 7^ -1 for p 7^ 2 or gn = q22 = 1 , gg2 = 1 , g 7^ 1 for p = 2 . 
We distinguish two subcases 03a and 03^. 

Case 03 a Consider the case gn = g 22 = —1, gg 2 = q 7 ^ —1, and p ^ 2. If r = g 7 ^ —1, 
then V = 1 ) 42 , p ^ 2. If r = —1, q ^ r, and g ^ G 4 , then V = T32i'I2>gi, where r = —1, q ^ G'^ 
and p ^ 2. If r = —1, q ^ r, and g G G 4 , then V = r 32 i'Pio ,25 where q E G'^ and p ^ 2. Now 
we consider the case r 7 ^ —1 and q ^ r. By Lemma 1.4 we get the following reflection r 2 {X) 
oiX _i 



with g 7^ 1 , r ^ {“Ij 1 ) ?}) andp 7^ 2 . Since X has a good H3 neighborhood and , 

we get = — 1 and hence r^g“^ = 1 . Then V = Vq2, P ^ 2 . 

Case asb- Consider the case gn = g22 = 1 , gg2 = 1 , g 7^ 1 for p = 2 . If r = g, then 

V = P42, p = 2 . li r ^ q, then we get 034^^^ = — 1 . Hence, similarly to the argument in 

Case 03a, r^g“^ = 1 and V = Vq2, p = 2 . 

Case 04. Consider the case ( 2 )^ 3 ^ = ( 2)^33 = 0 , q 22 qi — 1 = <? 22 Q '2 — 1 = 0 , and ( 2)^22 7 ^ 0 . 
Let g22 := g- Then by (2)^ 7 ^ 0 we get g 7 ^ —1 for p 7 ^ 2 and g 7 ^ 1 for p = 2. Hence we 
obtain gn = g 33 = - 1 , qqi = g <?2 = 1 , g 7 ^ -1 for p 7 ^ 2 or gn = g 33 = 1 , qqi = g <?2 = 1 , 
g 7 ^ 1 for p = 2. Hence we get V = V^^,- 

Case 05. Consider the case (2)^3^ = 0 , q22qi - 1 = q22q2 - 1 = q'33q'2 -1 = 0 , (2)^22 7^ 0 , 
and (2)^33 7^ 0 . Set g33 := g. If gn = 1 and p = 2 , then V = 1)41, p = 2 . If gn = —1 and 
p ^ 2 , then g 7^ —1 and V = V^i, p ^ 2 . 

Case Og. Consider the case (2)^33 = 0, gngi - 1 = q22qi - 1 = q22q2 -1 = 0, (2)^33 7^ 0, 
and (2)522 7^ 0. Set gn := g. Then g 7^ —1. If q^^ = 1 and p = 2, then V = r32i'P4i, p = 2. 
If q33 = —1 and p 7^ 2, then g 7^ —1 and V = r32i'P4i, p ^ 2. 

Case 07. Consider the case (2)522 = 0 , gngi = g33g2 = 1 , (2)533 7^ 0 , and (2)533 7^ 0 . Set 
gn ;= g and q^^ := r. Then q22 = —1 and qqi = rq2 = 1 . If qr = 1, then g 7^ —1 and 

V = Pgi. If gr 7^ 1 , g = r G Gg, then p ^ 3 and hence V = T>n,i, p 7^ 3 . If gr 7^ 1 and 
q = r ^ Gg, then V = T>io,i. If gr 7^ 1 , g 7^ r, gr^ 7^ 1 , and rg^ 7^ 1 , then V = Vgi. If qr 7^ 1 , 
q ^ r, and rq^ = 1 , then g ^ Gg and V = Pio,2- If gr 7^ 1 , g 7^ r, and gr^ = 1 , then r ^ Gg, 

7^ 1 , and V = r 32 i'Dio, 2 . 

Case ag. Consider the case gngi = q22qi = ^22^2 = ^33^2 = 1 , (2)533 7^ 0 , (2)522 7^ 0 , and 
(2)533 7 ^ 0 - Then V = Pn, q 7 ^ - 1 - 
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Case (b). Assume that X has a good neighborhood. Since is of B^, type, we 
obtain that ga = 1, Qi 7 ^ 1 and ^2 7 ^ 1 by Lemma 1.3. By Lemma 1.4 we get qiq 2 = 1 if 
( 2)^22 = 0, since = 0. Further, we distinguish subcases 61 , 62 , ^ 3 , ^ 4 , ^ 5 , ^ 6 ) bj, and bg- 

Case bi. Consider the case ( 2 )^^^ = ( 2)^22 = 0, ^^ 3^2 — 1 = 0, and ( 2 )^ 33 (^ 33^2 — 1) 7 ^ 0. 
Then qn = ^22 = —1- Let ^33 := q. Then q 2 = q~^ and hence gi = q^ by qiq 2 = 1. If 
7 ^ —1, then V = V^ 2 - If <f = —1, then p 7 ^ 2 and V = 1 ) 21 , where g G G 4 , p 7 ^ 2. 

Case 62- Consider the case (2)^3^ = (2)^22 = (3)533 = 0 , ql^q2 - 1 7^ 0 , and (2)533 (g33g2 - 
1) 7^ 0 . Let gi := g. Then g2 = g“^ and gas 7^ g. We distinguish subcases b2a, ^26 and 62c- 
case 62a- Consider the case gn = g22 = —1, gas := C ^ Gg. Then we get p 7^ 2, 3. Then 
Cg 7^ 1. By Lemma 1.4 we get the reflection rg{X) of X 

q q~^ ? q ^ 

o-o-• o-o-o 

with C e Gg, g 7^ C) and p 7^ 2,3. Since = —1 by Dehnition 2.2, we get 

((—Cg“^)gC~^ — 1 )(C?~^ — 1) = 0 and hence g = — or g = —1. If g = — C~^, then 
V = Pi4,2, p 7^ 2, 3. If g = —1, then 021^^^ = —3, which is a contradiction. 

Case b 2 b- Consider the case gn = g22 = —1, gss = 1, and p = 3. Then the Dynkin 
diagram of r’3(A) is g ' ^ ^ q. By = —1 we get g = —1 and hence V = "Dn',!. 

Case 62c- Consider the case gn = g22 = 1, gas := C ^ G^s; and p = 2. Then the 
Dynkin diagram of rg{X) is ^ ‘"p p with ( E Gg, q ^ and p = 2. The condition 

®23^^^ = —1 gives g = and hence V = V 52 , where q E G'g and p = 2. 

Case 63. Consider the case (2)533 = (3)533 = 0 , g22gi -1 = 0 , g22g2 -1 = 0 , (2)522 7^ 0 , 
and ( 2)533 (g33g2 - 1) 7 ^ 0 . Let g22 := g and gsa := C- Then q^ = q^ = g"^ and g 7 ^ C- We 
distinguish subcases 63a, 63b, and bgc- 

Case bga- Consider the case gn = —1, ( E Gg and p 7^ 2,3. By Lemma 1.4 we get the 
Dynkin diagrams of X and r 3 {X) 


-1 g-l 1 <?-l C 

O-O-• 


1 5 Cg ^5^ 1 C 
o-o-o 


with ( E Gg, g ^ {—1,1, C}) and p 7 ^ 2, 3. We get E {—1, —2} by Dehnition 2.2. Hence 
((CQ'~^) + 1)(C?~^—1)(?~^—1)(C^'?~^—1) = 0. Then we obtain g G {C~^, ——C} or q~^ = (. 
If g = then V = D51, where g G Gg, p 2 , 3 . If g = — C~^, then V = ©14,1, p 2 , 3 . 
If g = —C, then by Lemmas 1.3 and 1.4 we get and 033 ^®^^^ = —3 ^ {—1) —2}, 

which is a contradiction. If q~^ = C ^ Gg, then = —8 ^ { — 1, — 2 }, which is again a 

contradiction. 

Case 63 b. Consider the case gn = 1, C ^ G 3 and p = 2. By Lemma 1.4 we get the 
rehection rg{X) of X is 


1 5-1 g 5-1 C 

o-o-• 


1 5-1 Cg V-i ^ 

o-o-o 


with ( E Gg, g 7 ^ C) and p = 2. If 021 ^^^ = —1, then g = and V = V51, where 
g G Gg, p = 2 . If 021 *''^^ = — 2 , then q~^ = C ^ 1 ^ 3 - then by Lemmas 1.3 and 1.4 we get 
a 2 z^^^^ = —8 ^ {— 1 , — 2 }, which is a contradiction. 
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Case 63 c. Consider the case qn = —1, C = 1 ^ind p = 3. By Lemma 1.4 the Dynkin 
diagrams of r^lX) is o ^ ^ p = 3. Then 021 ^^^ ^ {—1, —2}, 

which is a contradiction. 

Case 64. Consider the case ( 2)^22 = (3)533 = 0, quqi — 1 = 0, ( 2)^3 7^ 0, and ( 2 ) 533 (^ 33^2 — 
1) 7 ^ 0. Let gii := q and ^33 := (. Then qi = q~^ and q 2 = q hy qiq 2 = 1. Hence q 7 ^ 

We distinguish three subcases 64 a, 64 b, and b^c- 

case 64 a. Consider the case ^22 = —1, C ^ QQi “1 = 0, and p 7 ^ 2 , 3. The Dynkin 
diagrams of X and r 3 {X) are 

<? 5-1 -1 5 C ^ <? 5-1 -C9|5C)-i C 

o-o-• o-o-o 


with C e G 3 , q ^ {1,-1, C“^}, and p ^ 2,3. We get = —1 by Dehnition 2.2. Then 

(Cg^ — 1)(C?^(C?)~^ + 1) = 0. Hence q = —( or q = (. If q = —( then V = Di 4 , 3 , p ^ 2,3. If 
q = C then V = D 53 , where q := —C“^, C ^ and p ^2,3. 

Case 64 b. Consider the case ^22 = “1, C = 1) and p = 3. Then the Dynkin diagram of 

r 3 (X) is o ~Q Q 'with q ^ G' 2 , p = 3. Then 7 ^ “l^ which is a contradiction. 

Case bic. Consider the case ^22 = 1, Q '33 '.= C ^ and p = 2. Then the Dynkin diagram 
of r^{X) is ^ g~^ condition = —1 gives that q = (■ then V = D 53 , 

where q := ( G Gg, and p = 2. 

Case 65 . Consider the case ( 2)533 = 0, g 22 <?i = 1, g 22<?2 = 1, <? 33 g 2 = 1, ( 2)522 7 ^ 0, and 
( 3)533 7 ^ 0. Let g 33 := q. Then q 2 = q~‘^, ^22 = q^ and hence qi = q~^. Then 7 ^ 1, —1, and 
7 ^ 1. If p = 3 and gn = —1, then V = D 51 , p = 3. If p 2,3 and gn = —1, then V = V^i, 
where g ^ G 3 and p ^ 2,3. If p = 2 and gn = 1, then V = V 51 , where q ^ G'^ and p = 2. 

Case fog- Consider the case ( 2)522 = 0, gngi = 1, g 33 g 2 = 1, ( 2)533 7 ^ 0, and ( 3)533 7 ^ 0. Let 
g 33 := g. Then g 2 = q~^ and gi = g^ by gig 2 = 1. Hence gn = q~^. If p = 3 and q 22 = —1, 
then V = D 53 , p = 3. If p 7 ^ 2, 3 and g 22 = —1, then V = 1 ) 53 , where q ^ G'^, and p ^ 2,3. If 
p = 2 and q 22 = 1, then V = 1 ) 53 , where g ^ Gg and p = 2. 

Case 67 . Consider the case ( 3)533 = 0, gngi = 1, q 22 qi = 1, 522^2 = 1, ( 2)533 7 ^ 0, ( 2)^22 7 ^ 0 
and ( 2 )g 33 (gggg 2 - 1 ) 7 ^ 0 . Let q22 ■= q and g 33 := (• Then g 2 = gi = g-\ gn = g, and g 7 ^ C- 
Hence we distinguish two subcases bja and 67 b. 

Case b-ja- Consider the case C G Gg and p ^ 3. Then by Lemma 1.4 the reflection r^X) 
of X is 


1 5-1 1 g-l C 

o-o-• 


9 5-1C9 V-' ^ 

o-o-o 


with ( G Gg, g ^ {1, —1, C}, and p ^ 3. We get G { — 1, —2} from De£nition2.2. Hence 

((Cg"^) + l)(Cg"^ - l)(g"^ - l)(C^g“^ - 1 ) = 0 . Then g G {C"\ -C”\ -C} or g-^ = (. If 
g = then V = V 21 , where g G G'g, p ^ 3. If g = —and p ^ 2, then V = 1 ^ 12 , 1 . If 
g = -C and p 7 ^ 2 , then V = r 32 iT>i 6 , 5 - If = (, then V = Dig,!. 

Case 67 b. Consider the case p = 3 and C = 1- Since ( 2 )^ 7 ^ 0 and g 7 ^ 1, we get 
021 *'^^ ^ {“!) “ 2 }, which is a contradiction. 

Case bs. Consider the case gngi = g 22 gi = q22q2 = ql^q'i = 1; (2)gii 7 ^ 0, ( 2)522 7 ^ 0, and 
( 3)533 7 ^ 0. If p 7 ^ 2,3, then V = 1 ^ 21 , where g ^ Gg U G 4 and p 7 ^ 2,3. If p = 3, then 
V = D 21 , where q ^ G'^ and p = 3. If p = 2, then V = 1 ^ 21 , where q ^ G'^ and p = 2. 
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Case (c). Assume that has a good C 3 neighborhood. Since is of C 3 type, we 
obtain that ^3 = 1, gi 7 ^ 1 and ^2 7 ^ 1 by Lemma 1.3. Since 023 = — 2 , we get ( 2)^22 7 ^ 0 and 
hence q 22 Qi = 1 by 021 = —1. Hence ^22 7 ^ 1- Since 023 ^^^ = — 2 , we get ( 2 )^^^ 7 ^ 0 and hence 
quQi — 1 = 0 by 012 = —1. Then we get qiq 2 = 1 since 0 ^ 3 ^^^ = 0 by Lemmas 1.3 and 1.4. 
Hence, by Lemma 1.3 we distinguish the following cases Ci, C 2 , and C 3 . 

Case Cl. Consider the case qnqi = q 22 qi = <? 335'2 = q 22^2 = 1- Let ^22 := q- Then 7 ^ 1 
and hence V = T>^i. 

Case C 2 . Consider the case gngi — 1 = ^ 22^1 — 1 = 922^2 — 1 = 0, ( 2)^33 = 0, and 
^ 33^2 — 1 7 ^ 0. Let gii := q. If p 7 ^ 2 , then by Lemma 1.4 we get the reflection of X 

q q-l q ^-2 -1 q q-1-q-^ ,2 -1 

o-o-• o-o-o 

with q ^ G 4 . We obtain 021 ^^^ G { — 1, —2} from Dehnition 2.3. Since ^ G '2 U G 4 , we 

get 021 ^^^ = —2 and hence q~^ = —1 or = 1. If = —1, then p 7 ^ 3 and V = T>i 3 ,i, 
with C e Gg. If q~^ = 1, then p 7 ^ 3 and V = © 13 , 1 , with ^ G G 3 . If p = 2, then we get 
q~^ = 1 by 021 *'^^ G {—1, —2} and then V = T>i 3 ',i. 

Case C 3 . Consider the case gngi - 1 = ^ 22^1 -1 = 0, ( 3)^22 = 0, ( 2 ) 533 (^ 33^2 - 1) = 0, 
and ^ 22^2 - 1 7 ^ 0 . Since ( 3)522 = 0 and 522 7 ^ 1, we get ^22 := C ^ G 3 , q 2 = C, and p 7 ^ 3. 
Hence g| 2?2 — 1 = 0, which is a contradiction. □ 

We point out that by [19, Corollary 6 ] Theorem 3.1 yields a classihcation of three- 
dimensional braided vector spaces V of diagonal type with hnite-dimensional Nichols algebra 
B(V). 

Corollary 3.3. Letk be a field of characteristic p > 0. Assume that V satisfies the setting in 
Theorem 3.1. Then the Nichols algebra BfV) is finite dimensional if and only if the Dynkin 
diagram T> of V appears in Tables (l)-(3) and the labels of the vertices of T) are roots of 
unity (including 1). 
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Table 1: Dynkin diagrams in characteristic p = 2 
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Table 2: Dynkin diagrams in characteristic p = 3 
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Table 3: Dynkin diagrams in characteristic p > 3 
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Table 3: Dynkin diagrams in characteristic p > 3 
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exchange graph 

row in [16, Table 2] 

char k 

1 

-Du 

1 

p > 0 

2 

D 21 

2 

p > 0 

3 

D 31 

3 

p > 0 

4 

D 41 1— V 42 — T32in42— ^— T32i'D41 

4 

p > 0 

5 

D 51 -1 —1>52 - — X)53 

5 

p > 0 

6 

Dei - 1 —I>62 — - Des — —ri32l>62 — —'ri32n’61 

6 

p > 0 

7 

_ 1 _ 2 _ 3 _ 

1571 D 72 Drs 'r23lX>74 

7 

p > 0 

8 

.„2^1^3 ^ 2 ^ 

T>81 T>82 T>83 T32iX>82 T32iX>81 

3 

I>84 

8 

p > 0 

9 

1591 2 I>93 3 T 213 I 592 

3 ] 

T231'D94 

9 

p > 0 

10 

I5l0,l ^ "010,3 ^ T213Ol0,2 

3 ] 

T23i'Oio,2 

10 

p > 0 

11 

Oll,l 2 "011,2 ^ T2130ll,l 

3| 

^■231011,1 

11 

p ^ 3 

12 

Ol2,l 

12 

p^2,3 

12' 

Ol2',l 

12 

p = 3 

13 

Ol3,l- 2 - Ol3,2 

13 

p^2,3 

13' 

Ol3',l O 13 / 2 

13 

p = 2 

14 

Ol4,l- 1 —Oi4,2 - - —Oi4,3 

14 

p^2,3 

15 

Ol6,l Ol5,2 Ol5,3 

13 3 | 

Di5,4 T32iOi5,i 

15 

p^3 

16 

Ol6,l 1 Oi6,2 2 Oi6,4 3 ri320i6,3 1— T1320i6,5 

1 2 

1 1 o . 

^■213016,4 '^213016,2 'r2130l6,l 

1 ^ 

'r23lOl6,3 ''■132016,5 

16 

p^2,3 

17 

3 „ 2 3 „ 1 „ 

Ol7,l—— Oi7,2- Oi7,6- 'r23lOi7,3- T23lOi7,4 

2^\ X h 

1 3 .h 1 J, 

'''213017,9- Oi7,7 - 'r23lOi7,8 ''‘231017,5 

17 

p^2,3 

18 

Ol8,l —Oi8,2 

18 

p^3 


Table 4: The exchange graphs of C{M) in Theorem 3.1. 
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